Abstract: A practical model of quartz crystal microbalance (QCM) is presented, which considers both the Gaussian distribution characteristic of mass sensitivity and the influence of electrodes on the mass sensitivity. The equivalent mass sensitivity of 5 MHz and 10 MHz AT-cut QCMs with different sized electrodes were calculated according to this practical model. The equivalent mass sensitivity of this practical model is different from the Sauerbrey's mass sensitivity, and the error between them increases sharply as the electrode radius decreases. A series of experiments which plate rigid gold film onto QCMs were carried out and the experimental results proved this practical model is more valid and correct rather than the classical Sauerbrey equation. The practical model based on the equivalent mass sensitivity is convenient and accurate in actual measurements.
Introduction
The quartz crystal microbalance, comprised of a thin vibrating quartz wafer sandwiched between two metal excitation electrodes, has been used to determine interfacial mass changes through the mass dependence of the QCM resonant frequency. Over the last few decades, as a high-sensitive sensor, QCMs have been vigorously investigated in various fields [1] [2] [3] [4] , particularly in chemistry [5] [6] [7] [8] and biomedical fields [9] [10] [11] [12] [13] .
Sauerbrey put forward the famous Sauerbrey equation which describes the mass-frequency relationship at the QCM surface [14] 
where ∆m and ∆ f are mass change and frequency shift, respectively, and C QCM is the mass sensitivity constant which has a value of 17.7 ng·cm −2 ·Hz −1 for 5 MHz AT-cut QCMs.
In the past couple of decades, the Sauerbrey equation was the theoretical basis of using QCM to measurement in gas phase. Based on the Sauerbrey equation and other models [15] [16] [17] [18] [19] , the QCM has been commonly used to detect a variety of nanoscale target analytes in liquid and gas environments due to advantages including good surface selectivity, simplicity of operation, real-time output, label-free analysis, and so on [20] .
However, we should pay attention to the fact that the unit of the mass sensitivity constant C QCM is ng·cm −2 ·Hz −1 , that is, for a 5 MHz AT-cut QCM, the resonant frequency will descend 1 Hz after 17.7 ng rigid film has been uniformly coated on 1 square centimeter surface area, or it means that the mass sensitivity within 1 square centimeter sensing area is about 5.65 × 10 10 Hz/kg (the reciprocal of C QCM ). But in fact, the mass sensitivity of QCM is distributed as a Gaussian curve in the radial direction because of the energy trap effect of quartz crystal resonator, rather than having the same mass sensitivity in whole surface. Both theory and experiments proved that the mass sensitivity distribution of the QCMs coated with "m-m" type of electrodes is approximate Gaussian curves [21] [22] [23] [24] . Besides, in order to ensure normal oscillation of QCMs, it is necessary to coat a layer of metal electrode on the both sides of quartz crystal wafer. The mass sensitivity function of QCMs may differ greatly depending on the material, shape, thickness, and size of the metal electrodes [21] .
It is notable that the mass sensitivity constant C QCM in Sauerbrey equation is only related to the material constants of quartz crystal, but does not take both the Gaussian distribution characteristic of mass sensitivity and the influence of metal electrodes into consideration. Therefore, using the Sauerbrey equation unrestrictedly to calculate the mass change at QCM surface could bring about errors.
Theory
To overcome the above disadvantages of the classical Sauerbrey equation, this practical model is established on the basis of mass sensitivity function of the Sauerbrey equation. The mass sensitivity distribution for QCM devices is defined by [25] [26] [27] 
where S f (r, θ) is mass sensitivity function with a unit of (Hz/kg), C f is the Sauerbrey's sensitivity constant with a value of 1.78 × 10 11 Hz·cm 2 /kg [23] , A(r, θ) is the particle displacement amplitude function and r is the distance from the center. In a QCM device, the particle displacement amplitude is invariant with the angular direction θ [21] . The particle displacement amplitude function A(r) in Equation (2) is solution of the following Bessel equation [23] 
where N = 2.0443 according to the material constants of the AT-cut quartz crystal, and 2 , where i = E,P,U (E, P, and U represent the full electrode region, partial electrode region, and non-electrode region, respectively), c = c 66 /ρ q is the acoustic wave velocity in the crystal (where c 66 is the elastic stiffness constant, ρ q is the density of the quartz), ω i is cut-off frequency of full electrode region (ω E ), partial electrode region (ω P ), and non-electrode region (ω U ), respectively.
The mass sensitivity function S f (r) could be calculated according to the above mentioned analysis. Take 5 MHz QCMs and 10 MHz QCMs for examples, the profiles of mass-sensitivity distribution of 5 MHz QCMs and 10 MHz QCMs with different-sized electrodes can be obtained as shown in Figures 1  and 2 . The thickness of 5 MHz and 10 MHz quartz crystal wafers are about 0.333 mm and 0.167 mm, respectively, the thickness of the gold electrodes is 1000 Å. For each QCM, the highest sensitivity point appears at the center of the electrode (r = 0), and then decreases exponentially as the distance from the center (r) increases. Therefore, the mass sensitivity of QCMs differ greatly depending on the size of the electrodes and the distance from the center. Furthermore, smaller electrode will yield steeper mass sensitivity distribution curve while acquire higher absolute mass sensitivity. As Figures 1 and 2 shows, in view of the Gaussian features of the mass sensitivity distribution of QCMs, it will be more reasonable to take the integral of the mass sensitivity to indicate the equivalent sensitivity of a particular sensing area rather than a fixed constant in classical Sauerbrey equation. Therefore, the practical model of the Sauerbrey equation could be obtained as
where is the radius of the particular circular region where mass loading attached on. Therefore, the fixed constant in the Sauerbrey equation should be replaced by an equivalent sensitivity As Figures 1 and 2 shows, in view of the Gaussian features of the mass sensitivity distribution of QCMs, it will be more reasonable to take the integral of the mass sensitivity to indicate the equivalent sensitivity of a particular sensing area rather than a fixed constant in classical Sauerbrey equation. Therefore, the practical model of the Sauerbrey equation could be obtained as
where is the radius of the particular circular region where mass loading attached on. Therefore, the fixed constant in the Sauerbrey equation should be replaced by an equivalent sensitivity As Figures 1 and 2 shows, in view of the Gaussian features of the mass sensitivity distribution of QCMs, it will be more reasonable to take the integral of the mass sensitivity to indicate the equivalent sensitivity of a particular sensing area rather than a fixed constant C QCM in classical Sauerbrey equation. Therefore, the practical model of the Sauerbrey equation could be obtained as
where r d is the radius of the particular circular region where mass loading attached on. Therefore, the fixed constant C QCM in the Sauerbrey equation should be replaced by an equivalent sensitivity C * QCM (the unit of it is Hz·kg −1 ), that is, the practical model of Sauerbrey equation could also be expressed as
According to the Sauerbrey equation, ∆ f = −∆m/ πr 2 C QCM the Sauerbrey's mass sensitivity within loading area equals 1/ πr 2 C QCM , which is only related to the radius of added mass and the material constants of quartz crystal, but does not take the influence of metal electrodes into consideration. As Figures 3 and 4 shows, the equivalent mass sensitivities C * QCM within electrode area of 5 MHz and 10 MHz QCMs with different-sized electrodes were calculated according to Equation (5) . The equivalent mass sensitivity and the Sauerbrey's mass sensitivity both increases as the electrode radius decreases. The errors between them decrease as the electrode radius increases, and becomes small when the radius roughly equals to 5.7 mm (the electrode area roughly equals to 1 square centimeter). Moreover, higher resonant frequency results in higher mass sensitivity, therefore, enhancing the resonant frequency of QCM is a convenient and effective method to obtain higher mass sensitivity. On the other hand, because of the energy trap effect, smaller electrode is necessary to constitute a higher frequency QCM, which lets the Sauerbrey equation results in larger errors. 
According to the Sauerbrey equation, ∆ = − ∆ ( 2 ) ⁄ the Sauerbrey's mass sensitivity within loading area equals 1 (
, which is only related to the radius of added mass and the material constants of quartz crystal, but does not take the influence of metal electrodes into consideration. As Figures 3 and 4 shows, the equivalent mass sensitivities C QCM * within electrode area of 5 MHz and 10 MHz QCMs with different-sized electrodes were calculated according to Equation (5) . The equivalent mass sensitivity and the Sauerbrey's mass sensitivity both increases as the electrode radius decreases. The errors between them decrease as the electrode radius increases, and becomes small when the radius roughly equals to 5.7 mm (the electrode area roughly equals to 1 square centimeter). Moreover, higher resonant frequency results in higher mass sensitivity, therefore, enhancing the resonant frequency of QCM is a convenient and effective method to obtain higher mass sensitivity. On the other hand, because of the energy trap effect, smaller electrode is necessary to constitute a higher frequency QCM, which lets the Sauerbrey equation results in larger errors. Through the analysis above, considering that the radial distribution of mass sensitivity strongly depends on the distance from the center and the size of electrodes, it is inaccurate to use Sauerbrey's mass sensitivity to describe the mass-frequency relationship, and this practical model should be adopted to replace the classical Sauerbrey equation in practical applications. Through the analysis above, considering that the radial distribution of mass sensitivity strongly depends on the distance from the center and the size of electrodes, it is inaccurate to use Sauerbrey's mass sensitivity to describe the mass-frequency relationship, and this practical model should be adopted to replace the classical Sauerbrey equation in practical applications. 
Experimental
It is hard to directly measure the mass sensitivity of QCMs, for example, in reported research, Martin et al. [17] obtained the normalized mass sensitivity and Takayoshi Kawasaki et al. [28] obtained the relative values of mass sensitivity, but none of them measured the absolute sensitivity values directly. In other literature [25] [26] [27] , some verified experiment were carried out and some trends could be observed, but the accuracy of these experiments are not high enough to validate its presented model. A series of QCM experiments which plate rigid gold film on QCMs were performed to indirectly verify the validity and correctness of this practical model. Experimental environment was selected in a class 10,000 ultra-clean room of Wintron Electrionic Co., Ltd. (Zhengzhou, China). The ambient temperature in the ultra-clean room is maintained at 23 °C. Twelve 'plano-plano' quartz wafers with a fundamental frequency of 10 MHz and a diameter of 8.7 mm were used in the experiment. Figure 5 is a schematic of the experimental set-up. To investigate the correctness of the practical model, these QCMs were divided into four groups according to different diameters and thicknesses of electrodes and plated thin films.
In the first plating process, groups A and B were plated gold electrodes with a diameter of 5.1 mm and a thickness of 500 Å onto both side; groups C and D were plated gold electrodes with a diameter of 5.1 mm and a thickness of 1000 Å onto both sides, and their resonant frequencies were measured and recorded as 1 . In the second plating process, groups A and C were plated gold electrodes with a diameter of 4.5 mm and a thickness of 300 Å onto the upper surface; groups B and D were plated gold electrodes with a diameter of 4.0 mm and a thickness of 300 Å onto the upper surface, and their resonant frequency were measured and recorded as 2 . ∆ = 1 − 2 is the frequency shift caused by thin gold film which was been plated in the second plating process. Note that these quartz wafers and electrodes are circular, so the angular direction has not been considered. 
It is hard to directly measure the mass sensitivity of QCMs, for example, in reported research, Martin et al. [17] obtained the normalized mass sensitivity and Takayoshi Kawasaki et al. [28] obtained the relative values of mass sensitivity, but none of them measured the absolute sensitivity values directly. In other literature [25] [26] [27] , some verified experiment were carried out and some trends could be observed, but the accuracy of these experiments are not high enough to validate its presented model. A series of QCM experiments which plate rigid gold film on QCMs were performed to indirectly verify the validity and correctness of this practical model. Experimental environment was selected in a class 10,000 ultra-clean room of Wintron Electrionic Co., Ltd. (Zhengzhou, China). The ambient temperature in the ultra-clean room is maintained at 23 • C. Twelve 'plano-plano' quartz wafers with a fundamental frequency of 10 MHz and a diameter of 8.7 mm were used in the experiment. Figure 5 is a schematic of the experimental set-up. To investigate the correctness of the practical model, these QCMs were divided into four groups according to different diameters and thicknesses of electrodes and plated thin films.
In the first plating process, groups A and B were plated gold electrodes with a diameter of 5.1 mm and a thickness of 500 Å onto both side; groups C and D were plated gold electrodes with a diameter of 5.1 mm and a thickness of 1000 Å onto both sides, and their resonant frequencies were measured and recorded as f 1 . In the second plating process, groups A and C were plated gold electrodes with a diameter of 4.5 mm and a thickness of 300 Å onto the upper surface; groups B and D were plated gold electrodes with a diameter of 4.0 mm and a thickness of 300 Å onto the upper surface, and their resonant frequency were measured and recorded as f 2 . ∆ f e = f 1 − f 2 is the frequency shift caused by thin gold film which was been plated in the second plating process. Note that these quartz wafers and electrodes are circular, so the angular direction θ has not been considered. The equipment used in plating process is the S&A W-5600 BASE PLATING SYSTEM (Saunders & Associates, LLC. Phoenix, AZ, USA). The coating thickness is set by the equipment program.
Discussion
The frequency of all the 12 QCMs (four groups) were measured use the S&A250B-1 network analyzer (Saunders & Associates, LLC. Phoenix, Arizona 85050 USA), and the results are shown in Table 1 . ∆ ̅̅̅̅ and are the average value and the standard deviation of ∆ , respectively. ∆ is the mass change caused by the second plating. ∆ and are the theoretical frequency change according to Equation (5) and the error between ∆ and ∆ ̅̅̅̅ , respectively. ∆ and are the theoretical frequency change according to Sauerbrey equation and the error between ∆ and ∆ ̅̅̅̅ , respectively.
The best standard deviation (44.18 Hz) in these experiments is obtained in the group B, and the maximum standard deviation (238.84 Hz) is obtained in group A. This low standard deviation shows the high stability of the experimental system and the environment.
As Table 1 shows that the electrode radius and thickness did have influence on QCM's frequency-mass relationship, but the Sauerbrey equation did not consider it. Regarding group A and group C, for a 10 MHz QCM with an electrode diameter of 5.1 mm attached by a mass loading with a diameter of 4.5 mm, the Sauerbrey's mass sensitivity within the loading area is not much different from the equivalent mass sensitivity, therefore the errors between the theoretical frequency change ∆ according to Sauerbrey equation and the experimental results are small. The equipment used in plating process is the S&A W-5600 BASE PLATING SYSTEM (Saunders & Associates, LLC. Phoenix, AZ, USA). The coating thickness is set by the equipment program.
The frequency of all the 12 QCMs (four groups) were measured use the S&A250B-1 network analyzer (Saunders & Associates, LLC. Phoenix, AZ, USA), and the results are shown in Table 1 . ∆ f e and δ are the average value and the standard deviation of ∆ f e , respectively. ∆m is the mass change caused by the second plating. ∆ f t and E t are the theoretical frequency change according to Equation (5) and the error between ∆ f t and ∆ f e , respectively. ∆ f s and E s are the theoretical frequency change according to Sauerbrey equation and the error between ∆ f s and ∆ f e , respectively.
As Table 1 shows that the electrode radius and thickness did have influence on QCM's frequency-mass relationship, but the Sauerbrey equation did not consider it. Regarding group A and group C, for a 10 MHz QCM with an electrode diameter of 5.1 mm attached by a mass loading with a diameter of 4.5 mm, the Sauerbrey's mass sensitivity within the loading area is not much different from the equivalent mass sensitivity, therefore the errors between the theoretical frequency change ∆ f s according to Sauerbrey equation and the experimental results are small. Nevertheless, for groups B and D, as Figure 4 shows, the deviation between the Sauerbrey's mass sensitivity and the equivalent mass sensitivity of a QCM with a 4 mm electrode diameter is just about 7.7%, the theoretical results according to the Sauerbrey equation are far different from the experimental results with errors of about 50%. In this study, the QCM is the quartz resonator with the first plating, and the attached mass is coated by the second plating. For groups B and D, the attached mass is much centered than groups A and C, the equivalent mass sensitivity is the integral average of S f (r) within the second plating area with a diameter of 4.0 mm, and the diameter of the electrodes is 5.1 mm instead of 4 mm. This equivalent mass sensitivity is much smaller than the mass sensitivity used in the classical Sauerbrey equation within the 4 mm diameter sensing area, then the error reached about 50% in groups B and D. Therefore, in this case, with this presented model, an error of about 50% of the final measured results could be avoided.
On the other hand, the theoretical results ∆ f t according this practical model of all the four groups agree well with the experimental results, all the errors are less than 4%.
Conclusions
The above experiment shows that the Sauerbrey's mass sensitivity cannot accurately reflect the frequency vs. mass loading relationship of QCM, especially for these cases which with a small electrode or with a large electrode loaded by a small loading. A much more accurate result could be obtained by using the equivalent mass sensitivity in this practical model. By using the integral of sensitivity function to indicate the frequency-mass relationship, the practical model presented in this paper which considered both the Gaussian distribution characteristic of mass sensitivity and the influence of the electrodes is more accurate than the Sauerbrey equation. Both theoretical analysis and experimental results proved the validity and correctness of this practical model. In view of the widespread use of the Sauerbrey equation, the new practical model should be widely used because of its higher accuracy. Author Contributions: X.H. conceived and performed the experiments; Q.B. helped perform the experiments, and was in charge of the paper writing; J.H. helped perform the experiments; D.H. took part in the experiments and discussion of the results; and X.H. as group leader was responsible for project management and the revision of this manuscript.
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